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0.1. Kac-Moody Algebra. Let I be a countable set of indices. Let A = (a;;)i jer be a matrix with

entries in R, satisfying the following conditions:
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(a) A is symmetric and a;; > 0, and € Z for all j € I.

(c) a;; =0 if and only if a;; = 0.

Definition 0.1. The Kac-Moody algebra g = g(A) associated to the Cartan matrix A is defined to be the

Lie algebra with generators e;, h;, fi(i € I) and the following defining relations:

8 TS; \&._ =0, ‘
(i) [hs,ex] = ainer, [hi, fx] = —air fx,
)

(iv) (ade;)'20i/0tie, =0, (adf;)'~2%i/asif, =0 fori# j.



Let V be a highest weight g-module with highest weight .

Then we have the Weyl-Kac character formula:
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where m(a) is the root multiplicity of a.

Letting A = 0, we obtain the denominator identity:
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Kac said in 1997, "It is a well kept secret that the theory of Kac-Moody algebras has been a disaster.”

It is due to the fact that there is no single Kac-Moody algebra beyond affine case where root multiplicity
formulas are known.

On the other hand, many Borcherds algebras have explicit root multiplicities as Fourier coefficients
of modular forms. Gritsenko and Nikulin introduced the notion of automorphic correction, originated
in Borcherds’ work. Namely, given a Kac-Moody algebra, we can embed the Kac-Moody algebra g into
a Borcherds superalgebra & by adding positive roots, whose denominator in the denominator identity
becomes a modular form.

We call & automorphic correction of g.



2 =3
0.2. Example of Kac-Moody algebra. Let A = ; . It gives rise to a hyper-
-3 2

bolic Kac-Moody algebra. Lepowsky and Moody showed that there is one to one corre-
spondence between the root system and quasi-regular cusps of Hilbert modular sufraces
attached to K = Q[v/5].

A. Feingold showed that the root system is related to Fibonacci numbers: Let a; be the
Fibonacci number, given by ag = 0,a; =1 and a; = a;_1; + a;_, for i € Z.

Then the denominator identity is
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p>0,92>1
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The root multiplicity C(p, ¢ — p) is unknown. Here is a root system and root multiplic-

1ties.
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2 =2 0
Let A= | -2 2 —1|. It gives rise to a hyperbolic Kac-Moody algebra.
0 —1 2
3 W Z1 %9 a b
Let P = , L= ,and T = ,and a, b, c € Z.
1 2 £92 23 b ¢

2
The denominator identity is
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where
a b |
A ={T = : ,and a,b,c € Z, ac—b*=—1,a+c>b,a+c>0,c> 0}
C .
Here mult(T') is unknown. For some roots, mult(T) is

p(det(T) + 1), where p(n) is the partition function.



0.3. Borcherds-Kac Algebra. Let [ be a countable set of indices. Let A — (aj)ijer be
a matrix with entries in R, satisfying the following conditions:

(a) A is symmetric,

(b) if ¢ # j then a;; <0,

(c) if a; > 0 then 224 € Z for all j € .

2273

Definition 0.2. The Borcherds-Kac algebra g = g(A) associated to the matrix A is defined
to be the Lie algebra with generators e;, h;, f; (i € I) and the following defining relations:

(i) A, \i =0,
(1) [he, ex] = ainer,  [hi, fi] = —awmfr,
(iii) [es, f5] = sjha,
(iv) (ade;)'2ms/aie; =0, (ad f;)'"2%/%if; =0 for i+ j and ay > 0,
(v) lei,e5] =0, [fs, fil = 0 ifa;=0.



The denominator identity is given by:

[T @ =)™ =e(=p) D (~1)"w(e(p) Y (—1)Mle(= Y ),

acdy weW R4
where W runs over all finite subsets of mutually orthogonal imaginary fundamental roots.




Example (fake monster algebra)
Let S be a hyperbolic even unimodular lattice of signature (25,1).

Then S = [p,e] ® L, where L is the Leech lattice, positive definite even unimodular

lattice of rank 24.
0 -1

-1 0
Let P={aeS: (a,a)=2,(p,a) = —1}.

Then A = ((o, @), a,a’ € P, is a generalized Cartan matrix, and

The Gram matrix of p,e is H =

A defines a Kac-Moody algebra g(A). However, the denominator is not a modular form.

We add more positive roots so that g(A) C g(A’).
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Let PP =P U24pU24(2p)U---U24(np)U---
Here 24(np) means that we take np 24 times.
Let A = ((o, &) for a, 0 € P'.

Then A’ defines a Borcherds-Cartan matrix and
gives rise to a Borcherds-Kac algebra g(A’).
The denominator identity is

@ANV _ mlwﬁ.?vmv .-v.-. AH o mlwiﬁ?mvvﬁﬁflﬁm&v _ M &mwAgv M ﬂASVQIMﬁ&ASASEVNVQ
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where

A=q[Ja=g)*=> rm)g™, A= pun)"
n=1 m=1 n=0 :

Here ®(z) is an automorphic form of weight 12 with respect to O*(T),
where T'= H @ S is an extended lattice of signature (26,2).

This is the first instance of automorphic correction.
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0.4. Borcherds-Kac superalgebra. A Lie superalgebra is a Z,-graded algebra g = g5 &
g1 with [a,b] = —(=1)*@9O)p q] and [a, b, d]] = [[a, ], ] + (=1)#@d®)[q c] b].

Let I be a countable set of indices. Let A = (a;;); jer be a matrix with entries in R,
satisfying the following conditions, and let S be a subset of [.
(a) A is symmetric; if 4 # j then a;; <0,
(b) if agz > 0, then 224 € Z for all j € 1.

Qi

(c) ifa; >0 and i € S, then 22 € Z for all j € I.

Qi

Definition 0.3. The Borcherds-Kac superalgebra g = g(A) associated to the matrix A and
S is defined to be the Lie superalgebra with generators e;, h;, f; (i € I) and the following

defining relations:

(1) [hi gl = 0; [P, ex] = airer, [ha, fo] = —awfr,
@v Fs \L = u@.b?
(iii) deg(e;) =0 =deg(f;) ifi ¢ S, and deg(e;) = deg(f;) =1if i € S.
(iv) (ade;)t—2mi/%ie; =0, (ad f;)1—20u/% f, = for i # j and a; > 0,
(v) (ade;)tmi/mie; =0, (ad f;)\"%i/%if, =0 fori+jand a; >0, and i € S,
?&Ts@._HPg%&”o#@&”o.



Then we have the decomposition Ay = A% [ JA!L such that
if « € AY if and only if g, C Gj.

We have the denominator identity:

11 @=e(=a))™® T (1 —e(=a)™® = e(=p) Y det(w)w(T),

0 1
QmD+ QmD.T weW

where T' = e(p) 3 (—1)"We(—p).

Here if = ), ; ki, then hto(p) =", ki



It
0.5. Automorphic Correction. We recall the theory of automorphic correction estab-

lished by Gritsenko and Nikulin. The original idea of automorphic correction can be traced

back to Borcherds’” work. We assume that the following data (1)-(4) are given.

(1) We are given a lattice M with a non-degenerate integral symmetric bilinear form
(-, -) of signature (n, 1) for some n € N.

(2) A nontrivial reflection group W C O(M) is given. The group W is generated by
reflections in some roots of the lattice M. A vector o € M is called a root if
(o, @) > 0 and (a, @) divides 2(«, 8) for all 8 € M.

(3) Consider the cone

V(M) ={6€ MaR|(3,5) <0},

which is a union of two half cones. One of these half cones is denoted by VH(M).

Choose a minimal set IT of roots orthogonal to a fundamental chamber M V(M)
of W so that M = { € V*(M)|(8,a) <0 for all a € IT}.



Moreover, we have a Weyl vector p € M ® Q satisfying
(p, ) = —(a, ) /2 for each a € II.
(4) Define the complexified cone Q(VT(M)) = M @ R + iV (M).
0 —
Let L = " @ M be an extended lattice for some m € N.
—m 0
We consider the quadratic space V = L ® Q and obtain .

Define a map Q(V+(M)) — K by z — TNV& e1+ ex + L :

2m

: . 0 —m
where {e1, e2} is the basis for
-m 0

Then the space KT is canonically identified with Q(V*+(M)).
We are given a holomorphic automorphic form ®(z) on Q(V*(M))
with respect to a subgroup I' C OF of finite index.

The automorphic form ® has a Fourier expansion of the form

O(z) = ) det(w) | e(—(w(p),2)) = D mla)e(—(w(p+a),2)) |,

weW acMNM
where e(z) = €*™® and m(a) € Z for all a € M N M.
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The matrix

A=) o
defines a Kac-Moody algebra g. Moreover, the data (1)-(4) define a Borcherds-Kac super-
algebra G.
We call G (or @(2)) an automorphic correction of g. The automorphic form ®(z) deter-
mines the set of simple imaginary roots of G, and can be written, using the denominator

identity for the Borcherds-Kac superalgebra G, as the product

O(2) =e(=(p,2)) ]| (1—e(—(a,2))™"@,

.

aEA(G)T

where A(G)™ is the set of positive roots of G and mult(G, a) is the root multiplicity of
in G.



M

Example: The automorphic correction of the Kac-Moody algebra g(A) attached to
2 =2 0

A=1-2 2 -1
o -1 2

is the Siegel cusp form of weight 35 (called Igusa modular form):

VA . . .
Let Z = , and q = €271 p = 2772 g — 2723,
2 23

As5(Z) = ¢*rs*(q — s) : (1 — gnplsm)fatanm—1%)

n,l, mezZ
(n,l,m)>0

where fa(4nm — [?) is defined by
F2N) = BF(4N) + 2((=5) = DFN) + F(,

1, if D=1 (mod8)
f(n,0), if N=4n —1?
and f(N) = , and (

0, otherwise

M)

)=1q -1, if D=5 (mod 8)-

0, if D=0 (mod?2)
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Here f(n,l) is the Fourier coefficient of a weak Jacobi form of weight 0 and index 1:
Po1(21, 22) = P12.1(21, 22) /A12(21) MU f(n, )e2rilnztlze),
n>0,l€Z

Here the reason why Siegel modular forms enter is because of the identification O(3,2) ~
Spy.

Also note that the Jacobi form of weight k and index 1 is canonically isomorphic to
half-integral weight modular forms of weight #=1

Borcherds showed that modular forms of weight l% give rise to modular forms on
O(n, 2).

Now we have identification O(2,2) ~ SLy X SLs.

Hence modular forms on O(2,2) are Hilbert modular forms.



It makes sense to find automorphic corrections of

2 -3
the Kac-Moody algebra attached to A = among Hilbert modular forms.
-3 2

Positive roots are subset of O = Z[¢g], where ¢ = r[w/\w. Let n = ﬁw = €3.

We will use the column vector notation for the elements in h*

T

with respect to the basis {y",~v7}, i.e. we write A@

) for ™ +yy7,
where 77 = a; + flag, - = a3 + nae.

Then we have

1 = ——= and g =

VB \ -7
It is now easy to see that b = {(3) |z € F}.
We define a map % : by — F by AMV — .
Then the map 1 is an isometry from (g, (+,-)) to (£, (-, "))

Sl
ot
—

A symmetric bilinear form (-,-) on F' is defined by (z,y) = —5tr(zy’).
In particular, the root lattice () = Zay + Zas is mapped onto
a sublattice of O /v/5.
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We denote the simple reflection corresponding to a; by r;.

The Weyl group W acts on K as: riz = n?T and r9z = Z. So

0 n? 0 1
ry = and 7y =
n? 0 1 0

and
W = {(rira)", ma(rime)’ | i € Z}.

Then we have

Y(AY) = ﬁﬂgvo

5=
O-( .

L J —m %;b.sljﬁ -HIQ.SIQQIA
(A, TAM o ), o am = m), == ), iu

where 7 > 0 and (m,n) € Q, for k > 1, where

| 4k k am — /(a2 — 4)m? — 4k
Q= 7 Lisg: 4| —— <m< —
k Aguj\vm NOX >0 ®m|%|3| Q\I.Mv\; 2

for k > 1.




Weight 0 modular form with respect to I'y(5):

mi:N _ — - n
imvumwv@ =q ' +5+11g—54¢" +55¢ +--- =¢ '+ ) _a(n)q",

BE() =1-5 % S dowld) + (e, HO() = "0
n=1 djn

Borcherds lift of f(z) is the Hilbert modular form of weight 5:

€p<1 mme

N

Wy (21, 22) = e ) (1 — e(vzy + 1/ zy))s5v)alGr)

h. A

7
N\mFG\W‘
V5

mOt\lm\tVo

2, if 5|n
where 1/ is the conjugate of v in K = Q[v/5] and s(n) =

1, otherwise
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Let ®1(21, 25) = ¥1(521,522).

Then W, is a Hilbert modular form with respect to I'g(5), and

provides the automorphic correction for the Kac-Moody algebra g(A)
2 =3

-3 2
In particular, there exists a Borcherds-Kac superalgebra &

for A =

- whose denominator function is the Hilbert modular form &1,
and g(A) — &.




